In this work, the influence of uniaxial and biaxial partial edge loads on buckling and vibration characteristics of stiffened laminated plates is examined by using finite element method. As the initial pre-buckling stress distributions within an element are highly non-uniform in nature for a given loading and edge conditions, the critical loads are evaluated by dynamic approach. Towards this, a nine-node heterosis plate element and a compatible three-node beam element are developed by employing the effect of shear deformation for both the plate and the stiffeners respectively. In the structural modeling, the plate and the stiffener elements are treated separately, and then the displacement compatibility is maintained between them by using a transformation matrix. Effect of different parameters such as loaded edge width, position of loads, boundary conditions, ply-orientations and stiffener factors are considered in this study. Buckling results show that the uniaxial loaded stiffened plate with around (+30 o /-30 o )2 layup can withstand higher load irrespective of boundary conditions and loading patterns, whereas the maximum load resisting layup for the biaxially loaded stiffened plate is purely dependent on edge conditions and loading patterns.
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Keywords
It has been observed that, in finite element formulation, most of the authors have used eightnode serendipity elements by considering the effect of shear deformation. Some authors (Palani et al., 1989; Palani et al., 1992; Pugh et al., 1978) have noticed that for certain mesh configuration boundary conditions, the eight-node plate element locks in shear, even when selective or reduced integration techniques are used for a thin plate configuration. It is also stated that the eight-node serendipity element is comparatively more sensitive to element aspect ratios and element shape distortions (Palani et al., 1989) whereas, the nine-node Lagrange element exactly interpolates the quadratic displacement fields and has nearly optimal performance (Palani et al., 1989; Pugh et al., 1978) . However, some of the authors (Butalia et al., 1990; Hughes and Cohen, 1978) have also found that the nine-node Lagrange element locks in shear, even when reduced or selective integration techniques are employed for thin plates. In fact, the stiffness matrix exhibits rank deficiency resulting in the appearance of spurious mechanisms, i.e. zero energy modes (Butalia et al., 1990; Hinton and Owen, 1984; Hughes and Cohen, 1978) . These communicable mechanisms may result in erratic solution. These shortcomings, namely locking and spurious mechanisms, have led to the development of a heterosis element by employing serendipity shape functions for transverse degree of freedom w, and Lagrange shape functions for rotations θx and θy (Butalia et al., 1990; Hughes and Cohen, 1978) . This element exhibits improved characteristics as compared to each of the previous quadratic elements and offers high accuracy for extremely thin plate configuration (Hughes and Cohen, 1978) . The same element has been used in this study by considering the effect of in-plane displacements u, v in addition to transverse and rotational displacements.
From this brief overview of the past literature, it is observed that a large body of research work has been carried out on the buckling characteristics of plates under uniform edge compression. On the contrary, relatively less amount of research works deal with the partial in-plane edge compression. Further, the buckling behaviour of isotropic stiffened plates under partial in-plane edge compression is sparsely treated in the literature. To the best knowledge of the authors, no comprehensive work is identified in the literature regarding in-plane partial edge load for stiffened laminated plates. The present work deals with the problem of vibration and buckling of stiffened composite laminates under the action of in-plane partial edge loads.
Analytical solution to this class of problems under such loadings is extremely difficult. Therefore, a nine-node heterosis element and a three node beam element are employed within the framework of finite element method. In this work, a detailed parametric study is carried out to investigate the effect of different ply-angles, boundary conditions, stiffener sizes, partial edge loads, and their positions on the vibration and stability behaviour of stiffened panels.
FORMULATION OF EQUATIONS WITH THEORY
The geometrical configuration of the bidirectional stiffened laminated plate of plan-form (a x b) with stiffeners parallel to x and y directions is shown in Figure 1 . The middle-plane displacement fields corresponding to x, y, and z directions are u, v, and w, respectively. 
Strain-Displacement Relations
Lagrange's strain displacement equations are used throughout the formulation. The expressions pertaining to the linear strain relation of the plate by considering the effect of shear deformation are given by 
where εxl, εyl and xyl are the linear in-plane normal and shear strains; xz and yz are transverse shear strains; z is the distance of any layer from the middle plane of the plate and χ are the curvatures.
The expression for the non-linear strain displacement relation of the plate is as follows (Bathe, 1996) 
where in, θx and θy are the rotations of normal to the un-deformed mid-plane of the plate about y and x axes, respectively. The stress-strain relation for a lamina with reference to the plate axes is given by
By using Equations (1) and (3), the constitutive relation for the laminated plate can be given by
where  
 are transverse shear stress resultants; likewise,   
and ( )
in which n is the number of layers, α is the shear correction factor, which is given by 5/6 (Kolli and Chandrashekhara, 1996; Reddy, 1996) and ij k Q     is the stiffness matrix of k th lamina with reference to plate axes (Reddy, 1996) . The constitutive relationship for the laminated stiffeners can be written compactly as follows:
where   
in the Eq. (4) and upon simplification, the reduced constitutive matrix of xstiffener is obtained (Kolli and Chandrashekhara, 1996) . A similar procedure is adopted to obtain the reduced constitutive matrix,
Finite Element Formulation
In the present work, the plate has been discretized using nine-node (9-N) heterosis plate element with five degrees of freedom (DOF) given as u, v, w, θx and θy at all edge nodes and four DOF such as u, v, θx and θy at the inside node. The serendipity shape functions have been used for transverse DOF w, and Lagrange shape functions for remaining DOF that includes u, v, θx, θy as shown in Figure 2 . In a discretization of stiffener, three-node beam element with four DOF at each node has been used viz., u, w, θx, θy for x-stiffener and v, w, θx, θy for y-stiffener. However, the other two kinds of quadratic elements such as eight-node (8-N) serendipity and nine-node (9-N) Lagrange elements have also been considered in this study as illustrated in Figure 2 . The results of these quadratic elements are given only in comparison studies along with the results of heterosis element. 
Elastic Stiffness Matrices
The total strain energy due to linear strains in the entire stiffened plate is given by
where L is the number of elements of the plate or the x-stiffener or the y-stiffener involved in the formulation. After substituting Eqs (4), (7) and (8) 
  in terms of derivatives of nodal shape functions and its corresponding displacement vectors, the linear part of the total strain energy can be obtained as, is the global stiffness matrix of the entire stiffened plate and are expressed as, 
and also 
are stiffener eccentricities.
Geometric Stiffness Matrices
The total strain energy due to non-linear strains in the entire stiffened plate is given by 
  are the elemental geometric stiffness matrices for plate, x-stiffener and ystiffener, respectively;
  is the overall geometric stiffness matrix of the entire stiffened plate, which are expressed as, 
in which
Consistent Mass Matrices
The abbreviated form of total kinetic energy in the entire stiffened plate by including the effect of in-plane inertia, transverse inertia and rotational inertia is as follows:
where as
  are the elemental mass matrices for plate, x-stiffener and y-stiffener, respectively; M     is the overall mass matrix of the entire stiffened plate, which are expressed as, 
Governing Equations
The governing equation of motion for vibration and stability problems derived using extended Hamilton's principle is given below:
where T is the kinetic energy for entire stiffened plate, U is the strain energy due to linear and nonlinear strains; t1, t2 are two arbitrary values of time t and Δ denotes the variational operator. Substituting Eqns (10), (18) and (27) into the Eq. (34) and upon simplification, the following most general governing differential equation of motion is obtained as follows:
The governing equations for the vibration and buckling can be obtained separately by reducing Eq. (35) as follows:
Vibration problem: When the stiffened/unstiffened plate vibrates harmonically with a given inplane load, Eq. (35) reduces to
Buckling problem:
where Pcr is the critical load and P is the applied edge compression. Both Eqs (36) and (37) represent the eigenvalue problems. The square of frequency, ω
2
, for an applied in-plane load P is the eigenvalue in Eq. (36) and the critical load Pcr is the eigenvalue in Eq. (37).
Eigenvector   q represents the corresponding mode shapes of vibration or buckling problems.
NUMERICAL RESULTS AND DISCUSSIONS

Computer Program
The solution of stability problems using either dynamic or static approach involves extraction of eigenvalues and eigenvectors, as evidenced in Eqs (36) and (37) respectively. The large sized matrices appearing in these two equations have to be stored in skyline form. Bathe (1996) has given the time-tested code in FORTRAN for extraction of the eigenvalues using the subspace iteration technique. To be compatible with this, the FORTRAN code has been developed to generate various element level and global matrices and finally stored these matrices in skyline assembled form.
In the code, a selective integration scheme is incorporated for the generation of element elastic stiffness matrix. A 3 x 3 Gauss rule is adopted for membrane as well as bending effects while 2 x 2 Gauss rule is adopted for shear effects. As the geometric stiffness matrix is a function of the prebuckling stress field in an element due to the application of any kind of in-plane loads, it is a prerequisite to perform the plane stress analysis before the generation of geometric stiffness matrix. Hence, code is done for the plane stress analysis to evaluate the stress field at 3 x 3 Gauss points. Accordingly, the integration for the generation of geometric stiffness matrix has been done using 3 x 3 Gauss rule (full integration). Similarly, A 3 x 3 Gauss rule is adopted to evaluate element level mass matrix also.
Boundary Conditions, Stiffener Parameters and Material Constants
In the present work, for the configuration of the stiffened laminated plate shown in Figure 1 The stiffener dimensions are decided according to the non-dimensional parameters, in which δ and β are defined as: δ = nAs /bh which is the ratio of total area of the stiffeners to that of the plate, where n is the number of stiffeners and As is the cross-sectional area of each stiffener; similarly, β = nE2Is /bD is the ratio of total bending stiffness of the stiffeners to that of the plate, where Is is the moment of inertia of the stiffener about the plate centroidal axis and D is the flexural rigidity of the plate, which is The vibration frequency and the critical loads are represented in non-dimensional form as given in Table 1 and the elastic material properties with reference to the principal axes have been given in Table 2 (Deolasi et al., 1995; Leissa and Ayoub, 1988; Reddy and Phan, 1985) .
In Table 1 , ω is the absolute value of frequency, ρ is the material density, D is the flexural rigidity of the plate and Pcr is the absolute critical buckling load. (Reddy, 1996; Sundaresan et al., 1998; Xiao et al., 2008) .
Comparative Studies
The validation of the finite element formulation described above is necessary to ascertain the correctness of the development of various matrices involved in the analysis of vibration and buckling problems. From the comparative studies of deflections and rotations for unstiffened/stiffened plates subjected to lateral loads, one can ascertain the validity of the elastic stiffness matrix. After ascertaining this, if the vibration frequencies are compared, the formulation of the mass matrix can be validated. Finally, if the buckling loads are compared with the classical/numerical solutions, the generation of the geometric stiffness matrix can be validated. Validation of all these matrices has been carried out as described in the following sub-sections.
Static Analysis of Laminated Stiffened and Unstiffened Plates
The values of deflection of unstiffened/stiffened laminated plates under lateral loads are determined and the results are represented in Table 3 and Table 4 , respectively. The effect of uniformly distributed load ( ) q on the central deflection ( ) W of a laminated plate is tabulated in Table 3 along with the results of Reddy (1996) and 3D-FEM solutions (Xiao et al., 2008) . The results show very good agreement with the analytical solution. Table 4 shows the central deflection of a laminated square plate with centrally placed bidirectional stiffeners subjected to various boundary conditions with the material properties pertaining to AS4/3501 graphite/epoxy composite: E11 = 144.8 GPa; E22 = 9.65 GPa; G12 = G13 = 4.14 GPa; G23 = 3.45 GPa; 12  = 0.3; ρ = 1389.23 kg/m 3 . Similarly, the geomet-rical dimensions of the stiffened plate [see Figure 1 ] are as follows: a = 254 mm, b = 254 mm, h = 12.7 mm, bsx = bsy = 6.35 mm and dsx = dsy = 25.4 mm. The results using nine-node heterosis element and eight-node serendipity element are depicted in Table 4 . It can be observed that both the elements give satisfactory results. However, the results of heterosis element seem to be more accurate when compared to those obtained from eight-node element and nine-node element, which was previously used by Kolli and Chandrashekhara (1996) . The satisfactory agreement of the results with the literature clearly shows the correctness in the formulation of element elastic stiffness matrix for both plate Closed-form (Reddy, 1996) 
Vibration Study of Laminated Unstiffened and Stiffened Plates
To further validate the formulation of the mass matrix, the free vibration characteristics of an unstiffened square composite plate are studied using nine-node heterosis element (9-NHE); the results are presented in Table 5 along with the closed-form solutions (CFS) given by Reddy and Phan (1985) . However, to ascertain the performance of other kinds of elements, the authors have also studied the free vibration behaviour using nine-node Lagrange element (9-NLE) and eight-node serendipity element (8-NSE). It is concluded that the adoption of nine node heterosis element in the formulation is a better choice than the use of other elements. Similar to the comparative analysis carried out for an unstiffened plate, the studies are further extended to a laminated plate with centrally placed bidirectional stiffeners under various edge conditions and the results are tabulated in Table 6 along with those available in the literature (Satish Kumar and Mukhopadhyay, 2000; Thinh and Khoa, 2008; Thinh and Quoc, 2008) . The geometric and material properties of the stiffened plate are similar to the case 3.3.1. The comparison of results establishes the correctness of the mass matrix formulation for both the plate as well as the stiffeners.
Buckling Characteristics of Unstiffened/Stiffened Plates
For the buckling analysis, as in Eqs 36 and 37, one more matrix called geometric stiffness matrix appears in the formulation of the problem. It is essential to validate the formulation of such matrix. In this regard, a non-dimensional quantity η (load bandwidth ratio) is introduced, which is either the ratio of the position of the concentrated load to the width of the plate or width of edge compression to the width of the plate [refer Table 7 with those available in the literature (Deolasi et al., 1995; Leissa and Ayoub, 1988) . Similarly, a comparative study has been carried out for an S-S-S-S edged laminated plate with partial in-plane load [see Figure 3 (b)] for various η and ply-orientations as shown in Figure 4 . The nondimensionalised critical loads are validated with the results given by Sundaresan et al. (1998) . It is to be noted here that  is the critical load for a fully loaded plate and cr is the critical load for a partially loaded plate.
Further, the buckling behaviour of S-S-S-S edged plate with a central single stiffener under uniformly distributed edge load over width b is studied for different bending rigidity of the stiffener. The value of δ is varied from 0.05 to 0.20, and that of β from 5 to 15. The results are presented in Table 8 in non-dimensionalised form as , and compared with the classical solution of Timoshenko and Gere (1961) , numerical solutions of Mukhopadhyay and Mukherjee (1990) , and Hamedani and Ranji (2013) . In all the cases, the present results agree well with those available in the literature confirming the correctness of the geometric stiffness matrix for the plate as well as the stiffeners. T and e = Torsional rigidity and eccentricity of the stiffener Table 8 : Validation of non-dimensional critical loads for a simply supported square stiffened plate.
Convergence Study
In the finite element method, it is essential to appropriately discretize the structure for proper convergence of results. In this regard, the plate is discretized into m, number of rows and n, number of columns, i.e. m x n plate elements as shown in Figure 5 . Table 9 shows the convergence of the nondimensional critical loads for an unstiffened/stiffened plate under the action of uniaxial compressive edge load from one edge. The Table 9 also shows the non-dimensional vibration frequencies under the action of in-plane edge loads P/Pcr = +0.5 (compressive) and P/Pcr = 0 (no in-plane load). It is observed that the convergence of results is satisfactory for the mesh size of 10 x 10 and hence this mesh size is maintained throughout the work. 
Vibration and Buckling Behaviour of Laminated Stiffened Plate under Variety of Partial Edge Loading
In the present study, the buckling and vibration characteristics of a plate with centrally placed stiffener/s subjected to uni-/bidirectional partial in-plane compressive loads have been investigated. Figure 6 shows the configuration of the stiffened plates with different kinds of in-plane edge loads.
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For buckling analysis, an initial pre-buckling stress field has to be determined where the total load, P acting on the plate is constant irrespective of the type and width of loading. Also, the total volume of stiffened plate is same irrespective of the number of stiffeners in any directions. 
Vibration Characteristics of Laminated Stiffened Plate under Uniaxial Edge Loading
The effect of non-dimensional load λ on the vibration behaviour of S-S-S-S edged laminated square plate with a centrally placed single stiffener has been studied for δ = 0.1 and β = 10. This load case is shown in Figure 6 (a). The results presented in Figures 7 (a) and (b) indicate that the frequency decreases with an increase in the value of edge load. As the load approaches the critical value, the vibration frequency reduces to zero and this load is called the buckling load. This dynamic method of analysis overcomes the shortcomings of the evaluation of critical loads by the static approach, which generally happens where the in-plane stress distribution within an element is significantly non-uniform. This method of analysis has been adopted to determine the critical loads for various problems discussed henceforth. 
Laminated Stiffened Plate under Uniaxial and Biaxial Partial Edge Load from One Edge
The effect of a four layered anti-symmetric ply-orientation (±θ o )2 and the load bandwidth ratio η on the stability behaviour of a unidirectional loaded square plate with a central single stiffener [refer Figure for S-S-S-S and C-C-C-C edge conditions, respectively. The wavy variation of buckling loads observed in Figure 11 (a) is similar as that observed in Figure 9 (a). In both the cases, it is observed that the curves have two peaks, i.e. at (±30 o )2 as well as (±60 o )2 layups. Therefore, it is appropriate to choose the stiffened plate with either of these layups for these types of loading cases. The buckling variation of a stiffened plate with C-C-C-C edge condition is shown in Figure 11 (b) . The variation is slightly different when compared to the one shown in Figure 9 (b). In this case, the curves for η = 0.2 to 0.6 have double peaks, i.e. at (±30 
Laminated Stiffened Plate with Uniaxial and Biaxial Partial Edge Loading at the Center
The variation of γcr with the ply-orientation angles (±θ o )2 for S-S-S-S and C-C-C-C square plate with a centrally placed single stiffener subjected to uniaxial loading [refer Figure 6 (e) ] is shown in Figures 12 (a) and (b) . It is noticed from Figure 12 (a) that, in general, the critical load γcr is maximum for a ply-angle of (±30 o )2 except for lower values of η. Further, the variation of buckling load after (±55 o )2 ply-orientations is not significant with respect to η. Similar behaviour can also be observed in a C-C-C-C edged stiffened plate as shown in Figure 12 (b). However, in this case, the buckling variation is not significant after (±75 o )2 ply-orientation for all values of η. Similar studies are carried out for the same plate with a centrally placed biaxial stiffener and biaxial loading conditions and the results are depicted in Figures 13 (a) and (b) . The study indicates that the critical load generally increases with an increased value of η. It may be due to increasing of higher edge restraints as the width of load increases towards the corner of the plate.
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However, in case of S-S-S-S edged stiffened plate as shown in Figure 13 (a) , the critical load γcr is found to be maximum for both (±30 o )2 and (±60 o )2 ply-orientations only for higher values of η. However, the maximum shifts towards (±20 o )2 and (±70 o )2 ply-orientations as the value of η decrease towards η = 0.2. To sum up, the buckling behaviour with the wavy variation of this case is almost similar to the case shown in Figure 9 (a). The buckling variation of C-C-C-C edged stiffened plate as shown in Figure 13 
CONCLUSION
The results from the present investigation of the vibration and stability characteristics of S-S-S-S and C-C-C-C edged angle-ply stiffened plate under a variety of partial edge compressions can be summarized as follows:
1. It is found that for any particular ply-orientation and loading condition, the vibration frequency decreases as the intensity of edge load increases and becomes zero at the corresponding critical loads. 2. For a plate with a single stiffener subjected to unidirectional partial edge loading (extending from one edge and both edges), the critical load is found to be maximum at around (30 o )2 layup irrespective of boundary conditions. The same phenomenon is also applicable for the centrally loaded stiffened plate only for higher values of η. 3. It is also noticed that the boundary conditions play a significant role in the stability behaviour of a stiffened plate under bidirectional partial edge loads. The stiffened plate with ( 30 o )2 and ( 60 o )2 layups show maximum buckling resistance for S-S-S-S edge condition irrespective of loading conditions. However, for C-C-C-C edge condition, the critical load is found to be maximum at ( 45 o )2 ply-orientation in the case of bidirectional load acting from one edge of the plate (un-symmetrical loading case). For the same C-C-C-C edged stiffened plate subjected to symmetrical biaxial loading, the critical loads are found to be maximum at ( 45 o )2 ply-angle only for higher η. 4. It is interesting to note that when an S-S-S-S edged stiffened plate is subjected to a unidirectional edge load acting from both edges, the critical buckling loads are found to be practically same at an ply-angle of ( 48 o )2 irrespective of load bandwidth ratio η. This phenomenon is again observed at ( 90 o )2 ply-orientation. However, a similar trend is observed in C-C-C-C edged stiffened plate only at a ply-orientation of ( 90 o )2.
